We bosonize the massive Thirring model in the path integral. The kinetic term of the bosonic theory is found by performing a finite chiral rotation of the Thirring fermion, while the potential is obtained by integrating out the fermion. The resulting bosonic theory is the sine-Gordon model, and thus we reproduce Coleman's old results. We use a new parametric representation of the fermion propagator to achieve this.
Introduction
An unsolved problem in strong interaction physics is that of deriving the chiral perturbation theory Lagrangian of Gasser and Leutwyler [1] directly from QCD. We can find the structure of this Lagrangian to each order in external momenta and quark masses by writing down the full set of terms allowed by the symmetries of the problem, but the numerical coefficients that multiplies each term has so far had to be determined from experiment. Only if we approximate QCD by some model which contains additional assumptions is it possible to compute these coefficients. An example is the class of Nambu-Jona-Lasinio-like models, where spontaneous breakdown of chiral symmetry is included by hand [2] .
In (1+1) dimensions there exists a simplified version of this problem, namely that of deriving the sine-Gordon model from its equivalent: the massive Thirring model. In order to demonstrate how this is related to the "real" four-dimensional problem, let us write the sine-Gordon Lagrangian in an alternative notation. In the standard notation we have
where ϕ(x) is the pseudoscalar sine-Gordon field, α is the squared mass and β is a dimensionless coupling constant. If we now introduce the exponential field
the sine-Gordon Lagrangian becomes
This we can compare to the effective chiral Lagrangian to O(p 2 ):
where in this case U (x) = e i π(x)· τ /fπ is the exponential representation of the pions, f π = 92 MeV is the pion decay constant and χ = 2Bm with B a constant number and m a constant matrix, interpreted as the quark condensate divided by −f 2 π and the quark mass matrix, respectively. Thus if we make the rough identifications f π ∼ 1/β and χ ∼ α the two bosonic theories are essentially form-identical.
Motivated by these considerations, we will in this paper study the bosonization of the massive Thirring model in the path integral formalism. The Lagrangian of this model is
where m is the mass and g is the coupling constant. In his famous paper [3] , Coleman, who used canonical methods, showed that this model is equivalent to the sine-Gordon model in the following sense: Let us define the operators A ± ≡ e ±iβϕ and σ ± ≡ Zψ
where the vacuum expectation values are calculated in a theory of a free pseudoscalar field and in the massless Thirring model, respectively, provided we make the identifications
and
In addition to the "mass bosonization rules" (8), the relation
holds. The need to reproduce all these results in the path integral formalism becomes almost self-evident if we have in mind a possible application to QCD, since the path integral provides the "natural" language in which to discuss non-abelian gauge theories. A program to reproduce the bosonization rules in the path integral formalism goes something like this: Couple external scalar and vector sources toψ 1 2 (1 ± γ 5 )ψ andψγ µ ψ in the partition function of the massless Thirring model. Then perform a series of manipulations so as to end up with the partition function of a free pseudoscalar field. The bosonization rules should then be possible to obtain by reading off how the external sources couple to the pseudoscalar field. This program is well known, and we should hurry to admit that there already exists a large body of literature on the subject, see for example the book [4] and references therein. Most approaches involves a finite chiral rotation of the fermion field and the fact that the path integral measure transforms under such a rotation [5, 6] . The lesson to be learned from the literature seems to be that the various approaches always work for the current bosonization rules but face trouble when the mass terms are considered. Typically it is necessary to resort to some kind of expansion of the partition function in terms of Green's functions in order to complete the final steps of the argument. However, this is not in the true spirit of the path integral formalism.
Hence it is clear that we would like to come up with yet another bosonization schemecontaining new ingredients compared to existing ones. We propose in the following such a scheme. In light of our initial motivation for looking at this problem it is only appropriate that these new ingredients involve the extraction of a low energy effective action. The organization of the rest of this paper is thus the following. In section 2 we introduce what is essentially the sine-Gordon field by performing a finite chiral rotation of the fermion in the Thirring model path integral. The contribution from the Jacobian contains, among other terms, the kinetic term of the sine-Gordon field. At this point nothing really depends on this field and we can therefore path integrate the partition function over it. In section 3 we integrate out the fermion field. Expanding the logarithm of the Dirac operator which then appears amounts to extracting an effective action. Only the leading order of the expansion is non-zero, and it is in fact the cosine-term of the sine-Gordon model. This term is linear in the ultraviolet cutoff Λ, as simple dimensional analysis also reveals, and to obtain it we need to regularize the theory by using a certain integral representation of the fermion propagator. This is perhaps the single most important result we find in this paper. We summarize and discuss our results in section 4.
Introducing the pseudoscalar field
The object of interest is the partition function
where m(x) is an external source. It generates Green's functions in the usual way by repeated functional differentiation with respect to m. Actually, following Coleman [3] we will generalize this model slightly by working with a complex source. At the same time we resolve the fourfermion coupling in a Gaussian integration. Hence the object we will consider is
where we have introduced the chiral projectors
The restriction of m to be a real constant reproduces the usual mass term. We start by performing a change of variables of the fermion field corresponding to a local chiral rotation of phase θ(x):
The resulting path integral is
where the terms in the second line come from the transformation of the fermionic measure [7, 8, 9] . It is understood that a "reasonable" regularization scheme has been used, such as vector-like Pauli-Villars or Fujikawa regularization. The terms that are proportional to (m(x)) 2 and (m † (x)) 2 generate contact terms upon repeated differentiation of the partition function. These are proportional to δ-functions in the Green's functions and thus contribute only to their singularity structure. They are not important if the aim is to reproduce Coleman's results, and we will always ignore such terms. Now we promote θ to be a dynamical variable and thus include the path integration over this field in the partition function. Formally the path integral doesn't depend on θ at this stage and thus gives rise to a gauge invariance in the theory: It is invariant under the local transformations
provided we take the transformation of the fermionic measure into account. In one of the more recent works on the subject [8] , Damgaard et al. takes advantage of this fact by fixing a gauge in order to transfer the degrees of freedom of the model from the fermion χ to the field θ. Again, this leads to the correct result for the current bosonization rule, but doesn't work in the presence of the mass terms unless one resorts to methods outside of the path integral formalism.
We follow a different route in this paper, and therefore we will leave the gauge symmetry intact in the theory. This may cause some readers to raise an eyebrow and ask if it is not necessary to fix a gauge in the path integral, since, after all, we are dealing with a theory with a gauge symmetry. However, it turns out that the gauge symmetry does not cause any problems, and since we successfully come through with the bosonization, this, to some extent, justifies our actions a posteriori.
As we have already mentioned the kinetic term for the sine-Gordon version of the theory comes from this part of the calculation. It appears from the terms in (14) involving B 2 , B µ ǫ µν ∂ ν θ and ∂ µ θ∂ µ θ after performing the integration over the auxiliary field B µ .
Integrating out the fermion
The next step is to integrate out the fermion. The fermionic part of the path integral is
where we have defined
The functional trace is, as usual, taken over the spinor space with vectors of the form |x, α with the property that
The method of calculation we choose is a standard one. We expand the logarithm in powers of the field dependent part of D:
Now we insert, in each term, unity in the form of a momentum integral:
Since the derivative operator i ∂ acts on
it turns into k + i ∂. The factors of the form 1/( k + i ∂) can then be expanded in powers of the derivative operator:
In this sense our effective Lagrangian is given as an expansion in powers of propagators 1/ k. Keeping only the first few terms of this expansion amounts to extracting the low energy effective action. Now, due to Lorentz invariance, a single vector can never appear in our effective theory. Furthermore, terms with two or more m's are irrelevant, as noted in the previous section. This leads to the effective Lagrangian
where the dots represent terms with three or more propagators. To proceed from here we will employ the following representation of the propagators:
We have explicitly included the iǫ to show how the integral over α converges at the upper limit. The lower limit should be cut off at 1/Λ to regularize the theory in the ultraviolet. This parametric representation of the propagator ensures that the first term in (23) is different from zero. Indeed, we have
The continuation to Euclidean space is k 0 → ik 0 (hence √ k 2 → i √ k 2 ) and α → −iα. The continuation of α gives a real Lagrangian; it can be deduced from the parametric integral by momentarily including a mass in the propagator. Thus the momentum integral becomes
The integral over α can then be carried out to give
In comparison, a naïve treatment would give
But it is unclear how to understand the object k/k 2 when a small ǫ is included. In a massive theory we can write down the "square"
and, since m is a fixed number, we can make the usual replacement 2mǫ → ǫ. However, this possibility is not open to us if the massless limit m → 0 is taken first, so squares of k should be handled with care. Note that when using the representation (24) of the propagators, the parametric integrals should be saved until the end of the calculation, just like their remote cousin the proper time integral of Schwinger [10] . To conclude, the first term in (23) is equal to
since taking the Dirac trace picks out the terms that are proportional to the unit matrix. Let us now turn to the second term in (23). This is a potentially dangerous term since, if it is non-zero, it will contribute to the renormalization of the sine-Gordon field and coupling constant β, thus violating Coleman's results. We therefore want this term to vanish. This is indeed the case: Because of the momentum integration and the two-dimensional contraction identity
only the cosine-parts of the two propagators can contribute. Hence we are faced with the evaluation of an integral of the form
From the product rule of combining two cosines, from eq. (26) and from carrying out either one of the parametric integrals, we get zero. What about terms with three or more propagators? From Coleman's work and statements such as 'Bosonization is exact in two dimensions', we expect that these should vanish. The following quick argument shows that they do: All such terms contain products of at least three sines or cosines. The number of sines must be even due to the momentum integration, since a sine is accompanied by a factor k/ √ k 2 . Then, using product formulas we end up basically with a sum of (plus or minus) integrals like the one in (32), which vanishes.
We are now ready to collect all the relevant terms from the chiral rotation and the fermionic determinant. They are given by the Lagrangian
The functional integral over B µ is a Gaussian which is easily carried out:
The total kinetic term of the θ-field thus becomes
Introducing a new field ϕ with a properly normalized kinetic term, i.e.
and at the same time introducing the parameter β so that
we obtain the Lagrangian
where we have also made the shift ϕ → ϕ + π/β to change the sign of the last term. Of course, ϕ is the sine-Gordon field and the constant β satisfies the relation (7) . From the Lagrangian (38) one verifies the mass bosonization rules (8) with, in the regularization scheme we are using, a renormalization constant
Moreover, if we choose m to be a real quantity, we recover the sine-Gordon Lagrangian:
where
is a "bare" constant. In contrast, the constant α that appears in (39) is "physical".
Summary and discussion
Let us identify the main ingredients of our procedure for bosonizing the massive Thirring model in the path integral. First, we performed an arbitrary local chiral rotation of the fermion and path integrated over the local parameter, or angle, of this rotation, which is a pseudoscalar field. This gave rise to a gauge invariance which we left intact in the theory. The contributions that come from the Jacobian of the change of variables is effectively the kinetic term of the pseudoscalar field. Then we integrated out the fermion, and the logarithm of the Dirac operator that appears in the representation of the determinant of the same was expanded in powers of the fields and their derivatives. Only the leading term-linearly divergent in the cutoff Λ-was non-zero and becomes the cosine-potential of the sine-Gordon model. We used a new parametric representation of the fermion propagator to find this term. Some comments are now in order:
(1) To perform the bosonization we only used methods that are true to the path integral. No Feynman diagrams were calculated and no expansions in Green's functions were carried out.
(2) We chose to work only with scalar external sources since our main interest was in the mass bosonization rules. The current rules can be verified without complications by coupling an external vector source to the Thirring model fermion-even in the presence of mass-terms.
(3) The lack of gauge-fixing of the gauge symmetry in section 2 did not lead to any problems with disagreeable infinities. Perhaps this is connected with the role of the fermionic measure, whose transformation we must take into account in order to make the total path integral gauge invariant. Of course, we can not completely rule out the appearence of such infinities if we try to extract other information from the theory, but we feel that there is a priori no reason to worry. Anyway, the gauge theory we are dealing with here is different from "usual" gauge theories, like for instance the ones that appear in the Standard Model. The latter ones include, among other things, vector gauge potentials and kinetic terms which involve non-invertible differential operators in the unfixed theories.
(4) Although some of our results are special to two dimensions, such as the fact that all higher order terms in the low energy expansion vanishes, the bosonization procedure itself is essentially generalizable to four dimensions with only obvious modifications. We then do not expect that higher order terms vanish, and the theory should be understood as a true effective field theory where the higher orders are properly suppressed by powers of Λ. This is of course in agreement with the usual statement that bosonization is non-exact in four dimensions.
Let us finally emphasize that we do not imply that the massive Thirring model is an analog of QCD in two dimensions. The Schwinger model, or indeed QCD 2 , would be better for most purposes. What is important about the massive Thirring model is the mass-term. The presence of a self-coupling, which gives rise to a highly non-trivial coupling constant relation, is a pure bonus and serves as a consistency check of what we are doing.
